The effect of quark mass on the Regge trajectory is analysed. Modifications in the equations of Regge trajectories are shown for mesonic as well as baryonic systems. For mesonic systems, the Regge trajectories get modified, but still remain linear. Contrary to the mesonic case, the Regge trajectories for baryonic systems indicate non-linearity. It is shown that in low mass and angular momentum region two hadrons with different quark compositions can have same mass and angular momentum.
Introduction
All the known hadrons are composed of quarks with three different colors as indicated by the deep inelastic scattering experiments 1 . The isolated colored quarks have not been observed in nature, i.e., they are confined to the interior of hadrons 1,2 which leads to the well-known problem of quark confinement. The issue of confinement is still a very challenging problem to solve in theoretical physics. This is mainly because of the highly non-perturbative nature of strong interactions in low energy (infra-red) region 2,3,4,5 . In this context, it is worth to notice the string model of confined quarks in hadrons resulting from the dual resonance model 6,7 . Such strings are characterised by the Regge trajectories of hadrons (i.e., the appropriate relationship between the classical mass M and spin J of hadrons). Similar picture of the string models from the view point of the linearly rising Regge trajectories also emerges in dual superconductor models of QCD 8,9,10 .
The original motivation behind the Regge theory 11,12 was to prove the validity of the Mandelstam representation 13,14 in non-relativistic potential scattering. The Regge representation was assumed to hold in relativistic region extended to the Mandelstam domain of analyticity for scattering amplitude in high energy hadronhadron scattering. The moving Regge poles were defined as 'Regge trajectory' and soon a variety of Regge trajectories were found to be nicely fitted to the observed hadrons and resonances in terms of well known Chew-Frautschi plots 15 . The quark bound states have linearly rising Regge trajectories with numerous possible angular momentum states for a given energy and offer crucial insight into the mechanism of the quark confinement 2,5,16 . The observed relation between the angular momentum quantum number and the energy of a particular hadronic state is given by,
where, α 0 is a constant known as the Regge intercept and α ′ is the Regge slope parameter which is given by α ′ = 1/(2πK) here, K is the linear energy density of the string. The Eq(1) holds for the case of constant energy density K of the string 16 , that is, to a linear potential of the form V (r) = Kr where, r is the interquark distance. The linearly rising Regge trajectories are, therefore, relevant to the linear form of QCD potential and again confirm the validity of the string model of hadrons. The observed value of Regge slope parameter (α ′ = 0.93GeV −2 ) then leads K = 0.87GeV /f m and the same result also comes from the consideration of the measured size of hadrons in electron scattering experiments 17 .
The microscopic understanding of the generic properties of the Regge trajectories for hadrons are still not completely explained. The study of the Regge trajectories 11,12,18 may, therefore, be a crucial test for the physical realisation of the string model. The total angular momentum and classical mass of the strings for mesons and baryons (or hadrons) need careful attention especially in view of the universality of the Regge slope parameter of hadronic trajectories 2 . Besides the string model, there exists quark-diquark model for baryons 19, 20, 21, 22, 23 and it would also be meaningful to work out the structure of Regge trajectories in the framework of such model. In recent years, many attempts have been made to address the problem specially the emergence of non-linearity in the Regge trajectories with their physical realisation in different models 18,24,25,26,27,28,29,30 . In this letter, we have analysed a more realistic string model of hadrons by considering the modifications in Regge trajectories due to the finite quark mass. It is shown that the linearity of the Regge trajectories remain intact in case of mesons while the Regge trajectories for baryons deviate from linearity by deriving the expressions for the classical mass and classical angular momentum in both cases.
Calculations
In string model of hadrons, the quarks are generally assumed to be massless and spinless. In usual Regge trajectories the quark-antiquark which are connected by a string of length l, assumed to be rotating with the speed of light. In such case, the relation between the classical mass and classical angular momentum of a hadron is given by Eq(1).
We propose the following modifications for mesonic as well as baryonic Regge trajectories separately in view of the string model configurations presented in Fig1.
Corrections for Mesonic Regge trajectories
Let us consider, a general case where a meson is made of two different flavors of quark and antiquark with finite mass. We assume that the quark and antiquark are sitting at the opposite ends of the string. Further, we do not consider the spin of the quarks. The mesonic string is rotating about its center of mass (see Fig 1(a) ). Let the quark with mass m 1 is rotating with speed f c where 0 < f ≤ 1 and c is the speed of light in vacuum. Throughout our calculations, we have considered the natural units, i.e., c = 1 or, f c = f . The mass of antiquark is m 2 and l is length of the string. The modified mass of the meson (M mod ) is then given by
where
. After integration Eq(2), can be rewritten
The modified angular momentum of meson (J mod ) is given by
and after integration which leads to the following form
Now the modified expression of the inter-relationship between the classical mass and classical angular momentum can be expressed as
The expressions of J mod are functions of sin
. Further, according to special theory of relativity f ≤ 1. Both of these conditions should therefore satisfy simultaneously.
Correction for baryonic Regge trajectories
Like a string of meson, a baryon can also be described in terms of three equally probable configurations as shown in Fig 1.(b)-(d) . On following the analysis of mesons, we obtain the modified expression for classical mass of a baryon for configuration (a)
where m 1 , m 2 , m 3 are masses of quarks '1', '2', and '3' respectively and
All of the above configurations for a string of baryon are equally probable. Therefore the actual modified expression for mass of a baryon should be their average. Similarly the modified expression of angular momentum for configuration (a) is obtained as
Again since all the configurations are equally probable therefore the actual modified expression for angular momentum associated with the baryon should be their average. The general structure of J i 's (where i=1,2,3 stands for configurations a,b, and c respectively) are given by
where C i 's are functions of 'f ', 'l', and m 1 , m 2 , m 3 . Now it can be proved that it is not possible to write the expression for J mod in the form of Eq1 for the case of baryons with finite quark masses. In the expressions of J i 's, we encounter terms sin It is clear that if one tries to write the equation of the Regge trajectory for a mesonic system in the form of Eq1, the expressions of α ′ and α O will also get modified and they will become functions of quark masses as well as their rotational speed.
Results and discussion
The expressions obtained for the inter-relationship between the classical mass and angular momentum for hadrons in the last section are visually presented in the . The plot J vs (M − a) 2 will be a straight line but since we have plotted J vs M 2 therefore we obtain a parabolic trajectory. Hence in these figures, the non-linearity is not definitely an artifact of the scale used.
In Fig5 and Fig6, the dependence of meson mass and angular momentum on quark mass are shown. In these figures, the mass and angular momentum of meson first decreases with quark mass and after acquiring a minimum value it again starts increasing. In other words, these mesons with less mass and angular momentum can be described by two different kind of constituent quark-antiquarks. This leads to a confusing behavior of the Regge trajectory of less massive mesons where one mesonic mass can have two different angular momenta. But one should note that these two angular momenta are for two different mesons having same mass as explained earlier. 
Conclusions and future scope
In this article, our primary purpose has been to see the effect of quark masses on Regge trajectories of hadrons. We have also shown, in the cases of mesons and baryons, how the Regge trajectories change with the variation of the mass of quarks as well as their rotational speed. The important conclusions drawn from this study are summarised as follows. The consideration of the massive quarks in the string model of hadrons, the expressions for the classical mass and classical angular momentum and hence the Regge trajectories are modified. For mesons, the form of the Regge trajectory (i.e., their linear behavior) remains same, but for the baryons the linearity is altered significantly. For mesonic systems, they still show linear nature but for baryonic systems they have highly non-linear behavior as presented in the corresponding figures. The parameters to characterise the Regge trajectory, i.e., α o and α ′ are also modified and become the quark mass dependent quantities. In low mass and angular momentum region two hadrons with different quark compositions can have same mass and angular momentum. The Regge trajectories for the present model are also compared with the trajectories corresponding to measured baryon masses in terms of the nucleon resonance data and are found in close agreement.
The deviation from the known experimental results may be due to exclusion of spin of quarks. Since the baryons are three body systems and the exact analysis for a three body system is an extremely complicated problem in itself. It might be possible that the non-linearity in baryonic Regge trajectories have a close connection with the mass difference between the quark and diquark masses in baryons in comparison to the linear mesonic trajectories with the equality of the quark and antiquark mass in mesons. This issue needs a careful attention. One so need to work out whether the non-linearity of Regge trajectories is dependent on the position-dependent quark masses. The analysis of modified Regge trajectories is an important task to study in greater detail especially from the view point of the data available for multitude of hadrons with the particle data group (PDG). We intend to report on such issues in our forthcoming communications.
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